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Abstract
A packing of two k-uniform hypergraphs H1 and H2 is a set {H
′
1, H
′
2} of edge-
disjoint sub-hypergraphs of the complete k-uniform hypergraph K
(k)
n such that H ′1
∼=
H1 and H
′
2
∼= H2. Whilst the problem of packing of graphs (i.e. 2-uniform hyper-
graphs) has been studied extensively since seventies with many sharp results, much
less is known about packing of general hypergraphs. In this paper we attempt to find
the minimum possible sum of sizes m(n, k) of two k-uniform, n-vertex hypergaphs
which do not pack. We also prove a sufficient condition on the product of maximum
degrees, which guarantees the packing.
1 Introduction
By a hypergraph H we mean a pair (V (H), E(H)) where V (H) is a finite set (elements of
V (H) are called vertices) and E(H) is a family of subsets of V (H) (members of E(H) are
called edges). We use the term k-uniform hypergraph to refer to hypergraphs such that
each edge consists of exactly k vertices.
Two k-uniform hypergraphs H1 and H2 pack (into a complete k-uniform hypergraph
K
(k)
n , where n = max{|V (H1)|, |V (H2)|}) if there is a pair of edge-disjoint subhypergraphs
{H ′1,H
′
2} of K
(k)
n such that H1 ∼= H
′
1 and H2
∼= H ′2. The problem of packing of graphs
(i.e. 2-uniform hypergraphs) has been considered by many authors since in 1978 Bolloba´s
and Eldridge [3] and Sauer and Spencer [10] proved first important results. In particular
Sauer and Spencer [10] showed the following theorems.
Theorem 1 ([10]) Let G1 and G2 be two graphs on n vertices. If
|E(G1)| · |E(G2)| <
(
n
2
)
then G1 and G2 pack.
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Theorem 2 ([10]) Let G1 and G2 be two graphs on n vertices. If
2∆(G1)∆(G2) < n,
then G1 and G2 pack.
Theorem 3 ([10]) Let G1 and G2 be two graphs on n vertices. If
|E(G1)|+ |E(G2)| ≤
⌈
3
2
n
⌉
− 2,
then G1 and G2 pack.
Our purpose is to find some analogues of these theorems in the case of k uniform
hypergraphs, k ≥ 3. Theorem 1 has been generalized by Naroski [6].
Theorem 4 ([6]) Let H1, H2 be two k-uniform hypergraphs on n vertices. If
|E(H1)| · |E(H2)| <
(
n
k
)
then H1 and H2 pack.
(In fact Theorem 4 is a special case of a more general result from [6]).
A generalization of Theorem 2 has been obtained by Ro¨dl, Rucin´ski and Taraz [9].
Let dl(U) = |{e ∈ E(H) : U ⊂ e}| be a degree of an l-element subset U of vertices in
a hypergraph H and ∆l(H) = max{dl(U) : U ∈
(V (H)
l
)
}. Let ∆1 = ∆ as in the simple
graphs.
Proposition 5 ([9]) Let H1 and H2 be k-uniform hypergraphs on n vertices. If
∆(H1)∆k−1(H2) + ∆(H2)∆k−1(H1) < n− k + 2.
then H1 and H2 pack.
Ro¨dl, Rucin´ski and Taraz used this proposition in order to obtain a far reaching im-
provement in the case when one hypergraph has bounded maximum degree. We further
generalize Theorem 2 in the following way.
Theorem 6 Let H1 and H2 be k-uniform hypergraphs on n vertices. If there exists β,
0 < β < k such that
∆β(H1)∆k−β(H2) + ∆k−β(H1)∆β(H2) <
(
n
β
)
−
(
k
β
)
+ 2 (1)
then H1 and H2 pack.
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Let us note, that the bound in Proposition 5 is far from being convenient as the term
∆(Hi) for i = 1, 2 may be as large as
(
n
k−1
)
(as the authors of [9] admit). This drawback
does not exist in the case β = k2 (for even k) in Theorem 1.
Finally, we attempt to find a (tight) bound on the sum of sizes of two k-uniform
hypergraphs that guarantees the existence of a packing. To this end we define m(n, k) to
be the minimum possible number m such that there exist two k-uniform hypergaphs H1
and H2 which do not pack with |E(H1)|+ |E(H2)| = m and max{|V (H1)|, |V (H2)|} = n.
Thus, Theorem 3 yields that
m(n, 2) =
⌈
3
2
n
⌉
− 1
This bound has been considerably weakened by Bolloba´s and Eldridge [3] in the case when
neither graph has a total vertex, which in turn has been extended to general hypergraphs
without edges of size 0,1,n − 1, n by Kostochka, Stocker and Hamburger in [5] (weaker
versions appeared earlier in [6, 7, 8]). One can expect further improvements for k-uniform
hypergraphs for k ≥ 3.
An immediate corollary of Theorem 1 is the following.
Corollary 7 Let H1, H2 be k-uniform hypergraphs on n vertices. If
|E(H1)|+ |E(H2)| < 2
√(
n
k
)
,
then H1 and H2 pack.
This implies that
m(n, k) = Ω(nk/2). (2)
Our second result shows that the order of magnitude in (2) is correct if k is even and
assymptotically correct if k is odd.
Theorem 8 Let k = 2α be even. Let n be such that
(
k−i
k/2−i
)
divides
(
n−i
k/2−i
)
for all i,
0 ≤ i ≤ k/2− 1. Then
m(n, k) ≤
(
n− α
α
)
+
(n
α
)
(2α
α
) .
Furthermore, for odd k and n such that k − i divides
( n−i
k−1−i
)
for all i, 0 ≤ i ≤ k − 2.
m(n, k) ≤ cn(k
2
−k−1)/(2k−3),
where c is some constant depending only on k.
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2 Proofs
A t− (n, k, λ)-design on a set X of size n is a collection T of k-element subsets of X such
that every t elements of X are contained in exactly λ sets in T . It is easy to observe
that a necessary condition for the existence of a 2-(n, 3, 1) design (called Steiner Triple
System) is that n must be congruent to 1 or 3 mod 6. In 1846, Kirkman showed that this
necessary condition is also sufficient. In 1853, Steiner posed the natural generalisation of
the question: given q and r, for which n is it possible to choose a collection Q of q-element
subsets of an n-element set X such that any r elements of X are contained in exactly one
of the sets in Q? There are some natural necessary divisibility conditions generalising the
necessary conditions for Steiner Triple Systems. The Existence Conjecture states that for
all but finitely many n these divisibility conditions are also sufficient for the existence of
general Steiner systems (and more generally designs). Recently this conjecture was proved
by Keevash [4].
Theorem 9 ([4]) A t− (n, k, λ)-design on a set X exists if and only if for every 0 ≤ i ≤
t− 1 (
k − i
t− i
)
divides λ
(
n− i
t− i
)
,
apart from a finite number of exceptional n given fixed k, t, λ.
Now we are ready to give proofs for our main theorems.
Proof of Theorem 8. Let k = 2α. Consider two hypergraphs:
H1 consists of a set of α vertices K such that each α-subset of V (H1) \K forms an
edge with K.
H2 is a
k
2 − (n, k, 1)-design
By the assumption of our theorem and by Theorem 9 a hypergraph H2 exists. Note
that
|E(H1)|+ |E(H2)| =
(
n− α
α
)
+
(
n
α
)
(2α
α
)
since each of
(n
α
)
subsets of vertices in H2 forms exactly one edge, and each such edge is
counted
(2α
α
)
many times.
Observe now that for any bijection f : V (H1) → V (H2) the set K is mapped into
some set of k2 vertices K
′ in H2 for wich there exists another set of
k
2 vertices K
′′ such that
K ′∪K ′′ ∈ E(H2). Since there is U ⊂ V (H1)\K such that K
′′ = f(U) and U∪K ∈ E(H1)
for each such U , there is no packing of H1 and H2.
The case of odd k is more complicated since we cannot split each edge into two equal
pieces. Let t = ⌊n(k−2)/(2k−3)⌋ Consider now two hypergraphs:
H ′1 consists of a complete k-unifrom hypergraph on (k − 2)t + 1 vertices and n −
((k − 2)t + 1) independent vertices such that each vertex from the latter part forms an
edge with each (k − 1)-element subset of vertices of the complete part.
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H ′2 consists of t disjoint copies of H, where H is a (k − 1)− (n/t, k, 1)-design.
As before H ′2 exists. Hence
|E(H ′1)|+ |E(H
′
2)| =
(
(k − 2)t+ 1
k
)
+
(
(k − 2)t+ 1
k − 1
)(
n− (k − 2)t− 1
)
+
(
n/t
k − 1
)
(k − 2)t
≤ c1t
k + c2nt
k−1 − c3t
k + c4(
n
t
)k−1t
≤ cn(k
2
−k−1)/(2k−3)
for some constant c, c1, c2, c3, c4 depending only on k.
Observe that for any bijection f : V (H ′1)→ V (H
′
2) at least k−1 vertices {vi1 , . . . , vik−1}
from the clique in H ′1 must be placed onto one of the copies, say H
′, of H in H ′2. Therefore
there exists a vertex x in H ′ such that {f(vi1), . . . , f(vik−1), x} is an edge in H
′
2. Since for
every vertex v ∈ V (H ′1) different from vi1 , . . . , vik−1 there is an edge {vi1 , . . . , vik−1 , v}, the
case when v = f−1(x) shows that there is no packing of H ′1 and H
′
2. ✷
Note that if divisibility conditions from the Theorem 8 are not satisfied we can (in
the case of even k, the latter is analogous) add r = r(k) isolated vertices (i.e. vertices
not belonging to any edge) to H2 and take H1 as a hypergraph that consists of ⌈r/α⌉+ 1
disjoint α-sets K1, . . . ,Kα of vertices and for each i = 1, . . . , α join Ki with each α-subset
of V (H1) \
⋃α
i=1Ki and proceed analogously as in the proof. It changes the bound in the
theorem, but not the order of the magnitude of this bound.
Proof of Theorem 1. Suppose that there exists 0 < β < k such that 1 is satisfied, but
there is no packing of H1 and H2. Let f be any bijection V (H1) → V (H2) and C be
any conflict, i.e. a set of vertices of H2 forming an edge and such that their preimages
form an edge in H1. Consider any β-element subset of C, say {u
′
1, . . . , u
′
β} ⊂ V (H2) and
its correspondng set of preimages {u1, . . . , uβ} ⊂ V (H1). We want to make a switch of
preimages and some {v1, . . . , vβ} ⊂ V (H1) by switching the image of ui with an image v
′
i
of vi (in an arbitrary way), such that the new bijection gives fewer conflicts. Obviously
{v1, . . . , vβ} 6⊂ f
−1(C)}. The switch is not good if there exist C1 such that
{u1, . . . , uβ} ∪C1 ∈ E(H1) and {v
′
1, . . . , v
′
β} ∪ f(C1) ∈ E(H2),
or there exist C ′2 such that
{u′1, . . . , u
′
β} ∪ C
′
2 ∈ E(H2) and {v1, . . . , vβ} ∪ f
−1(C ′2) ∈ E(H1).
In the first case there can be at most ∆β(H1) such C1’s and f(C1) can be contained in
at most ∆k−β(H2) edges in H2. Since we counted twice {u1, . . . , uβ} = {v1, . . . , vβ} this
5
forbids
∆β(H1)∆k−β(H2)− 1
β-element subsets for switch. Analogously there can be at most ∆β(H2) such C
′
2’s and
f−1(C ′2) can be contained in at most ∆k−β(H1) edges in H1, which forbids
∆k−β(H1)∆β(H2)− 1
β-element subsets for switch. Therefore as long as
∆β(H1)∆k−β(H2)− 1 + ∆k−β(H1)∆β(H2)− 1 <
(
n
β
)
−
(
k
β
)
and there is still a conflict, there is always some β-element subset among the remaining(n
β
)
−
(k
β
)
to switch with {u1, . . . , uα} yielding a new bijection with fewer conflicts, thus
proving the theorem. ✷
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